Induced and Coinduced Representations of 
Hopf Group Coalgebra 

A.S.Hegazi\ F.Ismail^ and M.M. Elsofy^ 

^ Department of Mathematics, Faculty of Science, Mansoura University, Egypt. 
^ Department of Mathematics, Faculty of Science, Cairo University, Egypt. 
^ Department of Mathematics, Faculty of Science, Fayoum University, Egypt. 

Abstract 

In this work we study the induction theory for Hopf group coal- 
gebra. To reach this goal we define a substructure B of a Hopf group 
coalgebra H, called subHopf group coalgebra. Also, we introduced the 
definition of Hopf group suboalgebra and group coisotropic quantum 
subgroup of H. 

1 Introduction 

The induced representation of quantum group (quasitriangular Hopf algebra 
[M] and [Mon]) is introduced by Gonzalez- Ruiz, L. A. Ibort [G-I] and Ci- 
ccoli [C]. The structure of Ciccoli has many difficultites in the structure of 
quantum subgroups. For this, recently, Hegazi, Agauany, F. Ismail and I. 
Saleh in [H], have succeeded to give a new algebric structure for quantum 
subgroups and subquantum groups, that is a subspase S of a bialgebra H is 
called a sub-bi-algebra if the restriction to B of the structure of H turns B 
into bialgebra. But a bi-sub-algebra of if is a different thing. It is pair (5, vr) 
consisting of another bialgebra and surjective homomorphism n : H ^ B. A 
relation between these two notions are given if the bialgebra allows a decom- 
position of the form H = B®I with / a bi-ideal in H. The projection tt into 
B yields a bi-sub-algebra (5, tt) in the above sense. Conversely ii B H 
is both a sub-bi-algebra and a bi-sub-algebra of H such that tt^ = tt, then 
H = B + Ker n and we have a decomposition of the form H = B ® I ■ 
These constractions made us able to introduce the induced representation of 
Hopf alagebra in each case. That is a i?-comodule for a sub-Hopf algebra 
B oi a. Hopf algebra H gives rise to an induced if-Hopf module and that a 



representation of a quantum subgroup {B, tt) of a quantum group H induced 
a (so-called first type) Hopf representation of H. This procedure realizes a 
quantum group induced representation. These structre was given for first 
time by E. Tuft. 

Recently, Turaev and Virelizier gives use a new definition for a generaliza- 
tion of Hopf algebra, for Hopf algebra structure see [S] and [Mon], i.e. Hopf 
group coalgebra. These generalization gives us a new quantum group struc- 
ture and the algebraic structure of these structure is of great importance: 

1. Hegazi and Abd Hafez introduced "multipher Hopf group coalgebra". 

2. Van Deale, Hegazi and Abd Hafez introduced the new algebraic struc- 
ture " group-cograded Hopf *-algebra", J. Algebra. 

3. Hegazi, studied Differential calculus on Hopf group coalgebra (M. Sc.). 

In this paper, unless otherwise, every thing takes place over a field K, 
and K-space means vector space over K. A map / from a space V into 
a space W always means hnear map over K. The tensor product V ®W is 
understood to be V<Sik W , I : V ^ V always denotes the identity map, and 
the transposition map t:V^W—>-W<^V is defined by t{v ^ w) = w <^v 
ioT V eV,w e W. Let / : C ^ D be a map. Then f * : D* ^ C* is a. map, 
where /*((/')(c) = 0(/(c)) for all ^eD\ceC. 

Recently, quasitriangular Hopf tt— coalgebra are introduced by Truaev [T]. 
He gives rise to crossed vr-catogeries. Virelizier [V-Vl] studied the algebraic 
properties of the Hopf tt— coalgebras, also he has show that the existence of 
integrals and trace for such catogery and has generlized the main properties 
of the quasitriangular Hopf algebra to the setting of Hopf tt— coalgebra. Now, 
let us give some basic definitions about Hopf tt— coalgebra. For group tt, a 
TT-coalgebra (over K) is a family C = {Ca}aen of /C-spaces endowed with a 
family /C— maps (the comultiplication) A = {A^^^ : HajS — > ® Hj3}a,i3en, 
and K-map (the counit) e : Hi ^ k such that the following diagrams are 
commute: 



'a/37 




i la ® A/3, 




Cap ® a 



'7 



'7 



7 



(Ac,,/3 ® J7 ) Aa/3,7 



(4 ® Ai3^^)Aa,/3'y 



2 



■'a 



A Hopf TT— coalgebra is a 7r-coalgebra {H — {Hg^aen, A, e) with a family 
S — {Sa Ha — > H^-i }a&'K of -fC-maps such that 

1. is an algebra with multiplication and unit ?7a(li<') for all a e tt; 

2. A„^^ , e arc algebra maps for all a, /3 G tt, 

3. The antipode 5" satisfy 

Hi Ha Hi ^ Ha 

5 -l®Ia Ia®S _l 

Ha-i^Ha > Ha® Ha Ha ® Ha-i Ha ® Ha 

IJ,a{Sa-^ ® -^a)Aa-i,a = IqC = flai^a ® 'S'^-i ) Aa,a-i 

A Hopf TT-coalgebra H is of finite type when every Ha is finite dimensional. 

Note that it does not means that (BaeirHa is finite dimensional (unless Ha = 
for all but a finite number of a G tt). H is totally finite when the direct sum 
(BaeirHa is finite dimensional. The notion of Hopf tt— coalgebra is not self 
dual, i.e., given a Hopf tt— coalgebra H — {Ha}aen, the family H* — {H*}aen 
does not have a natural structure of Hopf tt— coalgebra. Note, (i/i, Ai^i,e) 
is a (classical) Hopf algebra. 

A Hopf TT— coalgebra H is said to have a left (right) cosection if there 
exist a family of algebra maps r] = {ria '■ Hi Ha}aen such that 770, is left 
(right) i^i-comodule map for all o; G tt i.e., the following digram is commute 

Hi > Ha 

Ai,i i iAi,„ 

Hi0Hi 7"!^ Hi0 Ha 
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Let C be a 7r-coalgebra. A right 7r-comodule over C is a family M — 
{Malaga of X-spaces endowed with a family 9 — {Oa,p '■ Map — > Ma (8) 
Cp}a,i3en of -fC-maps such that the following diagrams are commute: 

Ma 

Map-, Ma®Cp^ \ea,l 

OaP,^i ila^Ap^^ ~mJ Ma^Ci 

Map^C, Ca^Cp^C^ 

Ma ® K 

{9a,p ® )Oap,^ = {la ® '^p,^)Oa,pj {la ® ^)Oa,l =~M„ 



A right Hopf 7r-comodule over if is a right 7r-comodule M = {Ma}aen by 
coaction 9 = {9a,p}a,pen such that 

1. Ma is if^— module by action pa for all a e tt 

2. The following diagram, for all q;,/3, 7 e tt, is commute: 

Map®Hap '-^ Map M„ ® //^ 

9a,p ® Aa,p I i pa^ fJ-p 

{Ma ® Hp) ® {Ha ® Hp) {Ma ® Ha) ® {Hp ® Hp) 

i.e., 9a,p Pap = {pa ® Pp){Ia ® T Ip){9a,p ® Aa,p) 



Let C be a tt— coalgebra. A tt— coideal of C is a family V — {VajaeTr 
such that 

1. Va is subspacc of Cq for all a G vr, 

2. AaAVap) (ZVa^Cp + Ca^Vp for all a, Pen. 

3. ei(yi)=0. 

A Hopf TT-coideal of is a family of K-spaces V = {Va}aen such that V 
is TT-coideal oi H, Va is ideal of Ha and Sa{Va) C for all o; e tt. 

A family A = {Aa}a£Tr is called subHopf tt— coalgebra of H if {A,A,e) 
is TT— coalgebra of H, Aa is a subalgebra of Ha and Sa{Aa) Q 74Q,-ifor all 
a & TT. 
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A family A = {Aa}a^T^ of a subalgebra of Hopf vr-coalgebra of H is called 
isolated if there exist a family / = {lajaew of Hopf tt- coideal of H such 
thatifa — Aa® /afor all a E n. 

We will call Hopf tt— subcoalgebra of H any pair (C, a) such that C = 
{Ca}aeTr IS a Hopf TT— coalgebra and a = {cTq : Hq, —>■ Ca}a€7r family of 
algebra epimorphisms which satisfies for a, /3 e tt 

1. A^i^aa/s — ((Tq, <S> (t^)A^^, i.e., the following digram is commute 



TT ^ 



Ha® Hp Ca®Cp 



2. e'^o"! = i.e., the following digram is commute 



mute 











\ 






K 








i.e., the foUowinj 


Ha 




Ca 








Ha 


-1 


Ca-i 
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A pair (C, a) is called left tt— coisotropic quantum subgroup of H if 

1. C is TT— coalgebra, 

2. Cq, is left i^Q-module by cUa for all o; e tt, 

3. a — {(Tq : Ha — > l^gTr family of surjective linear maps such that 

(a) (Jq, is left i^Q,-module map for all a G tt, 

(b) A^^f^aap = {aa ® (T/j) AJ^, 

(c) e'^ O (7i = 
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Proposition 1.1. Every isolated subHopf %— coalgebra is TT—coisotropic quan- 
tum subgroup. 

Proof. Clear from definition. □ 

A left TT—coisotropic quantum subgroup (C, a) of H is said to have a 
left section if there exist a family of linear, convolution invertible, maps 

9={9a-Ca^ Ha}aGir SUCh that 

1. gaMl)) = 1 

2. For a e n,u e Hi,c e Ca and v e cr~^{c) 

2 Induced representations of Hopf group coalgebra 

In this section, we study the induced representation for Hopf group coalgebra. 
To reach this goal we use the definitions of subHopf group coalgebra, Hopf 
group subcoalgebra and group coisotropic quantum subgroup. 

Theorem 2.1. Let H — {i?a}ae7r be a Hopf t:— coalgebra and (C, a) be a Hopf 
Ti— subcoalgebra of H. Then (C, cr) is a left n— coisotropic quantum subgroup 
ofH. 

Proof. We define uj — {a;^ = f^ai^a ® la) '■ 0) Cq, — > Ca\ae'K we'll prove 
that Ca is a left Ha—vaodvle by Pa- i.e., the foUowig digrams are commute 



K®Ca ® Ha® Ca 



Co. 



Ha (8) Cq, Cq 

Pa 



^ai^a ® ^a){h ® k ® b) 



uJaih (g) aa{k)b) 
(Ja{h){aa{k)h) 
aa{hk)b 
uja{hk ® b) 

<^a(A*a ® Ia){h®i k ®i b) 



6 



and 



= <ya{ria{k))h 

= kh 

Now, we'll prove that is left i^Q-module map for all o; e tt i.e., the 
following digram is commute 



□ 

Remark 2.2. If (C, a) is a Hopf tt— subcoalgebra of i?, then the map 
is an algebra map. 

Proposition 2.3. Let if = {Ha}ae-K be a Hopf n—coalgebra and {C,a) be 
a Hopf TT— subcoalgebra of H. Let B = {Ba}aGn, where = {h E Ha ■ 
Li^a{h) = 1 (E) h}, then Ba is subalgebra of Ha and B is right n—coideal of 
H (this B is called n— quantum right embeddable homogeneous space of H ). 

Proof. 

1. Let h,k E Ba, then 

Li,a{hk) = Li^a{h) ■ Li^a{k) = {1® h) ■ {1® k) = 1® hk 
and hence hk & Ba- 
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2. Let h e Bap, we'll prove that A^^^(/i) e B^® Hp. 

= (ai ® 7,^ ® Aj^)Af,^(/.) 

= (/f®Aj,)(a,®/5)A^f„,(/.) 
= ®AJ^)(1®/.) 



□ 



Lemma 2.4. Let H — {Ha}ae7r Hopf n—coalgehra and let (C, cr) he a 
left n—coisotropic quantum subgroup of H. For a, /3, 7 e tt and a,b & H^p we 

have 

. L^,p{ab) = Al^{a)eL^,p{b) 

where {m ® n)Q{u ® v) = u)a{rn ® m) (8) nf , m,u & Ha, n, f e il/j. 
Proo/. 

= (a, 0fip)(I®r® 7)(AJ^ ® Aj^)(a b) 

= (c7„At„ //^)(J T /)(AJ^ Aj^)(a ^ 6) 
= (^Ta^a ® r ® /)(Aj^ ® Aj^)(a 6) 

= (cu„(/„ ® fJa) ^/3)(ai ® ® 61 ® 6f ) 



Also, 



= Uaia" a-Q,(6")) (g) 0262 
= Aj^(a)eL„,^(6) 

(7« (8) Af^^)La,p-y = (7, (8) Ag^)(a« ® 7|^)Aj^^ 

= ((J, (8 7|^ 7f )(7, (8 Ag^)Aj^^ 
= (a, 7|^ If )(AJ^ (8 QA^p,, 
= (K(8 7f)Aj^®7f)Af,,^ 
= (7.a,;3 (8 I^)A^p,^ 



□ 
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Proposition 2.5. Let H = {Ha}a£TT be a Hopf 7r—coalgebra and let {C,a) 
be a left TT—coisotropic quantum subgroup of H. Let G — {GajaeTD where 
Ga — {h & Ha : Li^a{h) — ci(l) <8) h}, then Ga is subalgebra of Ha and G is 
right tt— coideal of H. 

Proof. For h,gEGa,we have 

1. Li^a{h) = o-i(l) (g) h and Li^aig) = '^i(l) ® 9 

2. 1^1 (Ji (Ti) = CTiyUi 

We'll prove that kg e Ga,i-e., Li^a{hg) — ci(l) /ig' 

Li,a{hg) = Ai^a{h)QLi^a{g) by Lemma 2.4 

= Ai,„(/i)0(ai(l)®(?) 
= (wi ® ^a){h\ ® cTi(l) ®h'^®g) 
= a;i(/i ® (7i)(/ii 1)® /12C/ 
= (Ti/xi(/i} 1)® h'^g 
= (7i(/ii) 0/i^^ 

= {h ® f^a)ii(^l ® h)A^,aih) ^) 

= {Li ® Ha)Mi) ^ h ® g) 
— (Ti(l) <8) kg 

Now, we'll prove that G is right vr-coideal of H, i.e., for /i e Gap, A^^(/i) e 

Ga®HfS 

{L,,a ® lf)Kp{h) = {{a^ I^)Ala ® Ip)^l,{h) 

= (ai /<f ® /,^)(/f Aj,)A(;„^(/i) 

= af ®A^,)K®/5.)A?.^(/i) 

= (Jf0A^,)K(l)0/^) 
= ai(l)®A^^„^(/i) 

□ 

Theorem 2.6. Suppose V = {Va}a£Tr, be a right Tr—comodule over the left 
TT—coisotropic quantum subgroup C of Hopf n—coalgebra H by p — {pa,i3 '■ 
Va/3 ^Va® C/3}a,/3e7r- Then Ind{p) = {Ind{p)a}ae7r where Ind{p)a = {x e 
Vi®Ha : {Ii®Li^a)x = {pi,i®Ia)x} is right TT—comodule over H by {I® A) — 

{(J A)a,(3 = h® Aa,(3}a,l3e7r 
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Proof. We will prove that, for a,/? G vr, 

(/ A)a,(3{Ind{p)ai3) Q Ind{p)a ® Hp. 
Since, ior v ® h & Ind{p)ai3, we have 

(/l ® Li,„ ® ® Aa,/3)(^^ ® /i) = (/l ® ® //3)A«,/3)(V ® h) 

= (Ji (g) (/i (g) Aa,/3)ivi^o^)(i; (g) /i) by Lemma 2.4 

= (/l Jl ® A«,/3)(/l «) (g /i) 

= {h /l A„,^)(pi,i ® I^p){v ® /l) 

= (Pi,i ® 4 ® ® A„,;3)(t; h) 

Now, we'll prove that the following digrams are commute 

(J A)«,^^ i i (/ A),,,^ 

Ind{p)a 

and 

~/nd(p)a\ / Ilnd{p)c®^" 

Ind{p)a <S> K 

((/ (g) A)a,p (g) /7)(J g) A)«;3,^ = (Ji ® A«,^ ® ® A«/3,7) 

= (Jl (g) (A„,^ ® A)^«/3,7) 
= (/l ® (/a ® A^,^)A«,;3^) 

= (/i (g 4 ® A^,^)(/i ® Ac,,f3^) 

= (^7nd(p)„ A^,^)(J (g A)«,^^ 



= (7i (g (7« e)A«,i) 

= (/l(g =~/nd(p)c 

□ 
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Remark 2.7. Given a right corepresentation p of the tt— coisotropic quantum 
subgroup of (C, a) the corresponding corepresentation (/ ® A) on Ind{p) of 
H is called induced representation from p on H. 

3 Geometric realization for induced representation 

Throughout this section H is Hopf tt— coalgebra, (C, a) is Hopf vr— subcoalgebra 
of H and V — {KijaGTr be a right tt— comodule over C. The purpose of this 
section is to explicit that the induced representation Ind{p) from Hopf group 
subcoalgebra H is isomorphic to the tensor product of tt— quantum embed- 
dable homogeneous space B (in Proposition 2.3) with the given comodule V 
as module and in case (C, a) is left tt— coisotropic quantum subgroup H is 
isomorphic to C (g) G as vector space where G = {Ga}a£TTi where 

G^ = {h^H^: L^,o.{h) = (ai ® I^)A^Jh) = a,{l) ® h}. 

Lemma 3.1. Ind{p)a is a right Ba-module for all a e tt. 

Proof. Let vi ha & Ind{p)a, E Ba, we define the right action as follows 

K{Vl (8) /ia 8) ba) = t-l haba 

We need only to prove that 

Xa{Vi ®ha® ba) = Vi ® bah^ G Ind{p)a- 

We have 
imply that 

((/l (g) ® /la))(l 1 ® 6a) = ((Pl,l «) 4)(^^1 «) ha)){l (g) 1 6a) 

imply that 

<g) (Ji((/la)l) <g) {ha)2ba = Pl,l(^l) ® ^a^a- (3-1) 

Also, we have 

Li,a{haba) = A^^(/ia)0Li,a(fea) by Lemma 2.5 

= ((/ia)l ® (/ia)2)0(lCi ® 6a) 

= t^a((/ia)l ® CTli^Hi)) <^ {ha)2ba 

= Cri(/iai) <2) {ha)2ba- (3.2) 
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Now, 

(/l (g) Li,o)Aq(-z;i ^ ha) = (h ® Li^a)ivi (g) haba) 

= Vl O Li^a{hJ)a) 

= Vi® ® {ha)2ba by Equation 13.21 

= Pi, 1(^1) ® ^a&a by Equation 13.11 

= (Pl,l ® Ia){Vl ® Kba) 
= (Pl,l ® /a)Aa(Vl ® /la ® 

The left action is similar. □ 

Definition 3.2. Let (C, cr) be a Hopf vr— subcoalgebra of H. li g = {ga '■ 

Ca Ha}aeiT, IS a family of linear maps, its convolution inverse, if it exists, 
is a family of linear maps g^^ = {g^^ : Cq-i Ha\ae-K such that 

Definition 3.3. A Hopf tt— subcoalgebra (C, a) of H is said to have a left 
section if there exists a family of linear, convolution invertible, maps g = 
{da '■ Ca ^ Ha}aeTT such that for all a G tt, 

1- 9a{l) = 1 

2. Li,a^a = (/i (g) ^a) A^;„ 

Lemma 3.4. For any Hopf n—coalgebra H we have 

1. (Af^, ® Af_,^JA2„., = (Ji ® AJ„_, ® /i)(Af^i ® h)/\l, 

Proo/. 

= ((A^;„®4-i)Aj„-.®/oA^;, 

= ((/i®Aj„_OAfi®A)A(;i 

= (/i ® Aj„_i ® /i)(Af;i ® /i)A^^i 

z.e., (A^;^ ® Af_i_i)Aj„_i(/i) = /lii ® ® ® hi 
The second statement is similar. □ 
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Now, from Lemma 3.5 up to Theorem 3.12 below (C, cr) have a section 
g = {9a}aen and antipode 5"^ = {S^ : C„-i}a6^ 

Lemma 3.5. For a e tt, Li^o^g'^ = (^f ® g~^)TA^_,^^ 

Proof. We'll prove that for a e tt, Li^aQa^ and (S'f (8)5f~^)rA^_i are inverse 
to the same element Li aQa in the convolution algebra Conv{C, Ci ® Ha). 

= (m ® /"//J(^ ® r ® ® OKa9a ® (^1 ® /^)Af,^,l}A^_„_i(c) 

(/ ® r ® J)(Af„ ® Af J((?„ ® (7~')Aj„-i(c) 

= {a.fXH^ ® ® r ® /)(Af, ® A^;j((7, ® (7-i)Aj„_i(c) 

= ((Ji OifiH, ® /i//J(/ ® r ® /)(A^;„ A^fJ(^, (g) ^-i)Aj„_i(c) 

= ((71 ® )Af„/x^J^„ (8) ^-i)Aj„_i(c) 

= e^(c)(ai®4^)AfJl^J 
= e^(c)(lc,®li/J. 

and 

{i^i,.^a * {Sf ® ^;i)rA^-,, J(c) = {(ai ® I^)Af^^g^ * (5f ® ^?.-')rA^-M}(c) 

= f^c^mAih ® ^7a)A^;, ® (5f ® (?-1)tA^-i_JAJ,_i(c) 
= (m ® /Ui/J(/ ® r ® ® ^a)A^;^ ® 

(^f ®^?.-')rA^-M}A^,„-.(c) 

(/i ® /„ ® r)(A^;„ ® A^_i_i)A^^„_i (c) 

{cli ® c"2i ® £^22^ (g) C2) by Lemma 3.4 (1) 



Cn'5f(4)®^?aK2i)^7, 
4^f(4)®e^(c?2)lH. 

(4) ® 1^„ 
e^(c)(lc,®lHj. 



122 ; 
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□ 

Lemma 3.6. For h G i^o, we have 

h = 9aCra{hi)g~^ao,-i{h'^i')h'^2- 

Proof. 

h = e^{hl)h^ 
- if^aiga^ 9-')Al,-.{ai{h\)))h^ 

= gacra{hi)g~^(Ta-i{h^i')h^2- 

□ 

Lemma 3.7. For h E Hi,a E tt, we have 
Proo/. 

= ® /^)A^f„y-V,-i ® ((71 )Af JA^_, 

= g-')rA'^-.,,aa-i ® (<7i ® )Af JA^_ 

= m^ff^CC-^f ® ^a')^ ® ^1 

<7i ® ® /^)(A^_,^, ® Af JA^_i_J/i) 
((T„-i(/i?r') ® ai(/i}2i) ® (^1(^22) ® ^2) 

= 5f (^l(M2l))^l(/^i22) 

□ 
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Lemma 3.8. For a G tt, 
Proo/. 

= (A^,„-,®7,^)(7i®^.)A^;„ 
= (7, 7„-i ® ^a)(Aj,-i ® 7«)A^;, 
= (7, ® 7,-1 (g) g^)(I^ A^_i_JAji 

□ 

Lemma 3.9. For a G tt, 6 G 

(a, ® cT„-i ® 7^)(A^,_i ® 7f )Af J6) = 1 ® 1 ® 6 

Proo/. 

K a.-i 7,^)(A2„_, 7,^)A^fJ6) = ® a.-OAj„-i ® /„^)Af J6) 

= (A^,,_iai®7f)AfJ6) 
= (Aj„-i®7„^)(ai®7,^)A^fJ&) 
= (Aj„-i®7f)(l®6) = l®l®6 

□ 

Now, we can prove the main theorems in this section. 
Theorem 3.10. 77 is isomorphic to C ® B as vector space. 
Proof. We define A = {Aa : Ca® ^ 77„}„g^ as follow 

Aa{c ®h) = Ha{9a ® L){C ® 6) = ga{c)b. 

Clear Aa is linear and by Lemma 3.6 and Lemma 3.7 that Aa is surjective 
for all a G vr. Wc define A-^ = {aa ® fia{9a^(^a-^ ® 7„))(Aj„_i ® /a)Af„. 
We'll prove that for a G 7r,AaA~^ = Ih„ and A~^Aa = Icc^Bc- Firstly, let 
h & Ha and c®h & Ca® Ba 

AaA-^\h) = Aa{{aa ® fMa{ga'(^a-^ ® 4))(AJ„-i ® 7,)Af„(/i)) 

= ® ^«((?-V,-i ® 7„))(7„ ® A^_i^JAji(/i)) 

= 9aC^a{hi)g~^(Ja-i{h^i')h^2 

— h by Lemma 3.6 
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Secondly, since, for a G vr we have (((7^ ® a"(j-i)A^^_i ®/^)Af^^ is an algebra 
map, then 

= {la ® f^a){Ia ® 9'^ ® Ia){(Ta ^ f^a"! ® )(AJ^_i /^) A^f„//«(^a ® /a)(c 

= {la ® l^a){Ia ® 9^^ ® Ia)lJ^H^m„-i®H^ 

{{{(Ta ® ^a-OAj„-i ® I^)^l^ga ® ((^a ® ^a-^Aj.-i ® /^)A^fj(c ® 6) 
= {la ® l^a){Ia ® ® Ia)tJ'H„m^-i 

{{la ® /a-i (H) ^a)(/a ® A^_i A^^ (c) (g) 1 ® 1 ® 6) by Lemmas 3.8, 3.9 
= ® ^-'(c^r)5a(c^2)^ = « = e{cl)c1 (g) 6 = c (g) 6. 

□ 

Remark 3.11. In any Hopf vr -coalgebra H, every ff^ is left Hi -comodule by 
Ai^Q. i.e., the following digrams are commute 

Hi(^Ha Ha Hi® Ha 

i Ai,i ®Ia -\ i ® 4 

K®Ha 

Hi® Hi® Ha 

Theorem 3.12. // H have a left cosection, then Ind{p) is isomorphic to 
V ® B = {{V ® B)a = Vi® -BajagTr O-* right B-module. 

Proof. Firstly, we'U prove that Li^aVaQi = {h ^ Vagi)^i,i- 

Ll,aVa9l = (O-I ® Ia)^"aVa9l 

= {ai®I^){Ii®7]a)A^^igi 

= {Ii®Va){ai®Ii)Af^^gi 

= (-^1 ® r]a)Li^igi 

= {Ii®Va){h<^gi)A'^^i 

= {Ii®r]a9i) Aili- 



ng 



Ai,a 



Hi® Ha 
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Now, we define Tq, = (/i C?) r}agi)pi,i '■ Vi Ind{p)a. We'll prove that 
Ta{vi) e Ind{p)a. 

(Ji O Li,o)T^(vi) = (Ji (g) ® 



= (Ji O ^l,a??Q5'l)Pl,l(^l) 

= (/i ® (/i ® r7„^i)A^;i)pi,i(fi) 

= (/i ® /i ® Vagi){h ® /S.I^)pia{vi) 

= ih ® /i O r?a5'i)(pi,i ® 

= (pi,i ® /q)(/i ® ?7Qfi'i)pi,i(vi) 

= (Pi,i ® 



For a G TT we define qa '■ Vi ® ^ Ind{p)a where 

qa{v ® 6) = XaiT^iv) b) = Vi'S) r]agiiv2)b. 
Clear qa{v 6) G Ind{p)a and qa is linear. We define 

g^^ : Ind{p)a -^Vi® 



i.e.,q^^{v ®h)=vi® r]agi ^{v2)h = v® rjagi Vi(/i})/i2. 
We'll prove that q-^{v ®h) eVi® B^- 

(/i ® ®h) = (Ji ® ® PaiVagi^ ® ® ® /i) by EquationO 



= (Ji O PCi(}SHALl,aVagi^ ® ^l,a))(/l ® ® 

= ® Pcimc^iih ® Va)Li,igi^ ® Li^a)Li^a{h) 

= V® pci^^nAih ® ^7a)('5'f ® 5'r^)i"A^[i ® by Lemma 3.4 

= v® Pc^hAS? ® r7„^?r')r ® ai ® /^)(Afi ® A(;j(ai ® )Af J/i) 

(ai ® ai ® /f ® I^){Alr ® JAf J/i) 
= ® 5i%(/im)^i(M22) ® ??ai/rVi(/iii))/i^ 
= ® e%(/ii2)l ® Vag^^(yi{h\^))K 

= ® 1 ® r7„^rVi(e^(/i}2)/in))/i2 
= (g) 1 (g) r]agi^ai{hl)h2 

= V(g)l(g) PaiVagi^ ® Ia))Li^aih) 



where 



-1 



(A ® PaiVagi^ ® 4))(^1 ® 



(3.3) 

(3.4) 
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Now, we will prove Qaqa^ = I and Qa^qa = I- 

QaQa^iv 'S)h) = (Ji (g) tla){h ® Va9l ® ® 4) 

(Ji (g) liaijIaQi^ ® Ia)){pi,i ® /a)(f ® h) by Equation EiH 

(Pl,l ® /l ® /a)(pi,l ® /q)(^^ ® /i) 
= (Ji (g) fia)ih ® Vagi ® /a)(/l ® /l (g fJ^aiVaOl^ ® 

= (A ® ® Va9l ® Ia){h ® h ® ^^aiVaQl^ ® 4)) 

((/l ® ® Ia){pl,l ® ® h) 

= vl (g) Va9livli)Va9l^ivl2)h 

= vl ® r]a{gi{vl^)gi^{vl2))h 
= vl IS) r]a{e{vl)l)h 
= e{vl)vl (g) r]a{l)h 
= f (g /i 

Also, 

qa^qaiv (g 6) = (/i (g fiair]a9l^ ® /a))(/l ® ^l,a)(/l ® ^a) 

(/i (g ?7a5'i (g /a)(pi,i (g /Q)(f (g b) by Equation EiH 

= (A ® PaiVaQl^ ® ® -^1,q)(Vi ® Vagi{vl)b) 

= {h ® PaiVaQl^ ® /Q))(fl (g Li^a{riagi{v\))Li^a{h)) 

= {h ® PaiVaOl^ ® ® (A ® r^^)^!,!^! (^^2) ' ® ^)) 

= ih ® PaiVa9l^ ® ^a))(^l ® (A ® ® ^1 ) A^^^ (i;2^ ) ■ (1 ® b)) 

= (/i (g PaiVadl^ ® 4))(fl ® ^21 ® Va9l{vl2)b) 

= vi® riagi\vl^)rio,gi{vl2)b 
= vi® ga{9T\vl^)gi{vl2))b 
= vi^r]^{e^{vl)l)b 
= e'^{vl)vi (g ria{l)b = v®b. 

Now we'll prove that Qa is module map for all a E n, 

Qaih ® Pa){v (g 6 (g A;) = qa{v (g bk) 

= K{T^{v)®bk) 

= Kiih ® 'na9i)Pi,i{v) ® 
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= vi® r]agi{v2)bk 

= (g) {riagi{v2)h)k 

= K{vi {y]a9i{v2)h) ® k) 

□ 

Throughout this last part (C, cr) is left tt— coisotropic quantum sub- 
group of H and V — {Va}a&-K be a right tt— comodule over C and G — 
{GajaeTT, where 

Lemma 3.13. Ind{p) is right G-module 

Proof. Similar to Lemma 3.1. □ 
Lemma 3.14. For a & 7r,u E Hi,c & Ca-i and v e cr^ii (c) we have 

((7i /f ® ® r)(Af^^-i ® /i)(c ® m) 

= (/i ® g-^){ai (8) (7c,-i)(//i(5f <8) /i) « T)(rA^-i_i h){v (g) 

Proof. It can be proved with usual Hopf tt— coalgebra techniques. □ 

Theorem 3.15. H is isomorphic to C ® G as vector space. 

Proof. 

1. For h e Ha, as in Lemma 3.6, h = ga(^a{M.)g~'^aa-i{h2i ^)/i22- 

2. For h E Hi,a E we'll prove that 
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as follow 



(JlPiH, /UhJ(/ ® T /)(Af, (g) A^f,) 

^1 ® fJ-Hji{crif^H, ® /«)(/ r) ® ) 
Afa5-V,-i ® 7i ® If )(Ia-i ® Af JA^_i_,(/i) 
/l ® /iffJ((fTl//j^, ® Ia)(I <E) T)(A^f^^-V,-i 7i) ® 7f ) 
4-i®A^fJA^_,,J/i) 

A «) f^Hjiih «) a«-i)(//i(5f ® 7i) 7^-i) 

7i T)(rA^_,,, ® 70 ® 7f )(7.-. ® Af JA^_,,J/^) 

A ® f^Hjiih ^ 9a^){<^i ^ a^-i){ni{S^ 7i) 7«-i) 
7i r)(r 70 ® 7^ )(A^_.,, ® A^JA^.^Jh) 
h ® /WffJ[((^i ga^cra-^){MSi ® 7i) (g) 7e,-i) 
7i (g) t)(t 7i) ® 7f K/i^i"' /ii2i ® h'^) 

= ai(l)®^7-^K-i(e^(M2)/^n"))/i2 
= ai(l) ® /ia(^-V«-i 7„)A^_i J/i) 



3. We define Aa : Ca^^ Ga ^ as follow 

A«(C(8)6) ^ Haifa® Ia){c®h) ^ f^{c)b. 

Clear 74q, is linear. We define : 77q, —>■ Ca® Ka as 
We'll prove that for a e 7r,AaA~^ = 7^^^ and = Ica^Bc- Let /i e 



Ha,C<S>b eCa® Ga, 

AaA-\h) = Aaiiaa ® fia{9~'(T^-l ® 7„))(AJ^^i 7«)Af^(/i)) 

= ® /i„((/-V,-i ® 7„))(7, ® A^_i^JAji(/i)) 

= ga(Ta{hi)g~^aa-i{h2i')h22 = h. 
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Also, 



= (4 ® A*a)(4 «) «) 4)(((Ta ^ (7c,-i)AJ„_i (g) J^) A^f„/Xa(^„ (g) 4)(c O fc) 
= (4 <8) //a)(4 «) ^a' <H) 4)(Aj,-i(7i (8) I^)llH^^H^., (A^f,^, Af J(c A;) 
= (4 ® /^a)(4 «) 4)(A^^„-i ® /^)((7i//i 

(/ T /)(Af,^„ Af,)(c k) 

= (4 «) /^a)(4 ® 9a^ ® 4)(A^^„-i ® Ha) 

<8) /^)(/ ® T)(Af,^,(c) (8) fci^ (8) A;^")] 
= (4 «) /^a)(4 «) g^^ 4)(Aj„-i //a) 

[(/i (8) ® (^a)(/^i ® 4) (4 ® t)(A^„ ® (8) A;}) ® A;^] 

= (4 ® /Ua)(4 ® ® 4)(Aj„-i (8) ^a)[ai(v|A;|) (g) ga(TaK) ® A;2] 

= (4 ® y"a)(4 ® ® 4)(Aj„-i ® ® (^l{kl)) ® ^afT„(t^2) ® 

= (4 ® /"a)(4 ® ga^ ® 4)(A^^„-i ® Aia)[c^i(vi ® C7i(l)) ® ® A;] 

= (4 ® /Ua)(4 ® ® 4)(Aj„-i (8> l^a)Wl{vl) ® £/af^a(w2) ® ^] 

= (4 ® yUa)[(4 ® g^^)A^^^-iai{vl) (g) £/„a„«)A;] 

= (4 ® y"a)[(4 ® 5'a^)(0"a » CJ^-i ) A (t^J) (g) fi^„o-„ (t;2 ) A;] 

= (4®/W„)[(4®^a^)(f^a«) ®ga(7a{v3)k] 

= ®e%(w2')A; 
= a,(e^(^;2i)<)®A; 
= (g) A; 
= c (8) A;. 

□ 



4 Coinduced representations of Hopf group coalgebra 

In this section, we study coinduced representation from left tt— coisotropic 
quantum subgroup. We restrict our attention to finite dimensional case of 
Hopf TT— coalgebra, i.e., dim = -< oo for all a & n. Let us start now 
from left tt— corepresentation p — {pa,p}a,i3TT of left tt— coisotropic quantum 
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subgroup {C,a) on ^ = {Va}aeTT- We define W = {Wa}aen, where Wa — 
{Fa e Hom{Vi, Ha) : L^^aFa = {Ic, ^ i^a)pi,i} and 1^,^ = {aa ® //3)Aa,/3 

Lemma 4.1. For a,l3,'y e tt, 

Proof. Similar to Lemma 2.4 . □ 

Lemma 4.2. Suppose that {ef}f2i CLnd {^rf is its dual basis of Ha and 
Ha for all a E n. For q;,/3,7 G n, fix Fap^y G Wap-y, if we define the two 
maps ^1 : Vi — >• Ha ® Hp ® H^ and ^2 '-Vi ^ Ha ® Hf) ® H^ such that 

Uvi) = Yl (~ ® {gi ® gJ)Ap,^]Aa,p^Fap^{v,) ®el®ej 

h=l 1=1 

then ^1 = ^2- 
Proof. We put 

Fa/S-rivi) = /la/37 = ^ ^j^^f^^ 

i=i 

AA7(er) = EE^-^'®^3 



r=l s=l 



then we have 



Aa,l3'yFai3j{Vi) — Aa,f3^{haf)-y) 

= EA,A„,,,(ef-) 

j=l r=l s=l 
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imply that 



Also 



h=l 1=1 



Eh (4 ® E E E ^^-^^^^ ® ^'1 ® E E ^^^^2 ® 

i=l j=l r=l s=l h=l 1=1 

E E E E ® E E ^/^^-i: ® 

i=l j=l r=l s=l h=l 1=1 

EEEv^^<®EE^^^^2®^i^ 

1=1 j=l r=l h=l 1=1 

jj/3t 

EEEEE^^^V^.<®eS®e7 

i=l j=l r=l h=l 1=1 



E E[^ ® (^f ® 



/i=i 1=1 

EEEv^^^^^'i^^'^^J' 

j=l r=l i=l 

n"' rC' n" n^"' 

E E E E E ^^-^^ - (~ ® ® 57)AA7(er)] ® ® e7 

^=1 j=l r=l i=l 

rP n^^'^ ri^ 

E E E E E E E «)^r(e:)e? ®el®ej 

h=l 1=1 j=l r=l i=l q=l s=l 

nl^ n'' n'' n" n^^ 

h=l 1=1 j=l r=l i=l 



^ri^r ^ e'^ « e/ 
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therefore, we have 



1=1 



h=l 1=1 

then ^1 = ^2 



□ 



Theorem 4.3. W = {Wa}aeTT is right n—comodule over H byfl = {^a,p}a,i3eTr 

where 

Proof. Firstly, we '11 prove that ~ (/„ (g) g^)Aa,/3Fai3 G Wa- 

= (/Ci® ~ {la ^ g^)){Ll,a ® If3)Aa,/3Fap 

= (/Ci^) ~ {la ^ g^Wc, ® A^A{Ic, Fa/3)Pl,l 
= (/Ci® ~ {la ^ g'^)Aa,pFap)pi,l 

Now, we will prove that Q is coaction on 1^, i.e., the two diagrams 



'a/3,7 



^a,l 



are commutes. 



1. 



= f^a,/3(~ ® C/'^) Aa/3,7Fa/3T,) ® c'^ 



5 Aa,/3 ~ {lap ® A«^,^F„^^ ® ® 

® /)Aa,/3 ® c/^)A„;3,^Fa^^ (g) e'^ ® 

® / ® ^^)(Aa,/3 ® /^)A„^,^F„/3^ ® c'^ ® 6^ 

)/x)(/a ® / ® ^^)(/« ® A^,^)A«,^^F,^^ ® ® 



5/i^)(/a®(/®^^)A;3,7)A 



;/37 



6 
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Also 

{Iw„ ® Ap^^)Q^^p^F^p^ = {Iw^ (g) A/3,^)(~ {la ^ /^)A«,;37^a/37 ® e^^) 

from Lemma 4.2. the first digram is commut 

2. 

e)Qa,iFa = {Iw^ (8) e)[~ (4 ® g^)Aa,iFa e^] 

= ~ {Iw^ e(e^)/)A«,iF« (8) U 
= ~ e)Ac,,iFe, ® U 

□ 

Now, we constract an induced and coinduced representation from subHopf 
TT— coalgebra. 

Theorem 4.4. Let H be a finite dimentional Hopf n-coalgebra and A — 
{Aa}a£T: be an isolated subHopf ir-coalgebra of H. If V — {Va}aeiT is left 
TT-comodule over A by p = {pa,i3}a,i3en, then we can construct an induced and 
coinduced representation over H . 

Proof. Since A = {Aa}aeTT is an isolated subHopf vr-coalgebra of H, there 
exist a family / = {Ia}aeTT of Hopf 7r-coideal of H such that Ha = A^ © 
for all a G TT. We'll prove that {A, a) is left tt— coisotropic quantum subgroup 
of H where a = {o'a}a£iT and cTq : H^ — > Aa as aa{ma + ia) = "^a- 

Clear, A is 7r-coalgebra. We '11 prove that Aa is left i/^-module for all 

tt G TT. We define '■ Ha <S> Aa ^ Aa BS follow ^aiinT^a + ia) <S) Cla) — mada- 

Then 

^aifJ-a <8) Ia){{ma + la) (n^ + ja) ® Qa) = ^a{{mana + niaja + iaUa + iaja) ® O-a) 

— '^a'^a^oc 

and 

^a{Ia <8) ^a){{ma + la) ® {ria + ja) O tta) = $a(("^a + ia) n^aa) 

— UlaTiaOia 
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where m„j„ + i^n^ + ija e 4 
Also, we have 

^aiVa ^ Ia){k ® a^) = $a((r?a(A;) + 0) ® a«) 
Now, we will prove that cTq, is tt— coalgebra map 

= (cTa O 0-/3)(A«,/3(ma/3) + Aa,/3(i„/3)) 

and 

= Aa,/3(ma;3). 

We will prove that cTq is left module map 

= $a((ma + la) ® Ua) = ma/la 

and 

Therefore (^4, cr) is left tt— coisotropic quantum subgroup of H. Since V 
is left TT— comodule over A, then we can construct an induced and coinduced 
representation over H. □ 
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